Abstract. The classical Gauss -Lucas Theorem states that all the critical points (zeros of the derivative) of a nonconstant polynomial p lie in the convex hull of the zeros of p. It is proved that, actually, a subdomain of contains the critical points of p.
k j = n; (1) be a polynomial of degree n whose zeros z 1 ; ; z m are distinct and have multiplicities k 1 ; ; k m , respectively. Denote by the convex hull of z 1 ; ; z m . The Gauss -Lucas Theorem asserts that all the critical points of p lie in , and, furthermore, if the zeros of p are not collinear, no critical point of p lies on the boundary of unless it is a multiple zero of p. This classical result was implied in a note of Gauss dated 1836 and it was stated explicitly and proved by Lucas 1] in 1874. Many proofs of this theorem have been given but most of them duplicate Lucas' idea. It is based on a theorem of Gauss which provides a nice physical interpretation of the nontrivial critical points of a polynomial (the critical points which are not zeros of the polynomial) as the equilibrium points in a certain force eld. The eld is generated by particles placed at the zeros of the polynomial, the particles having masses equal to the multiplicity of the zeros and attracting with a force inversely proportional to the distance from the particle. We refer to Marden's book 2] for more information about Gauss-Lucas Theorem.
As it was pointed out by Marden 3, p.268] , it is clear that the nontrivial critical points cannot be too close to any one zero since the force due to the particle at the zero would be relatively large. A partial quantitative result which provides an explicit form of the latter intuitive argument, is the following consequence of Exercise 4 on p. We prove a further re nement of the Gauss-Lucas Theorem. Namely, we show that all the nontrivial critical points of a polynomial lie in a subdomain of the convex hull of the zeros of the polynomial, which does not contain certain neighbourhoods of the zeros. These neighbourhoods are larger than that speci ed in Theorem 1. Moreover, the main result allows certain neighbourhoods of the boundary of , which are free of critical points of p to be determined.
In what follows we suppose that p is de ned by (1) . With every zero z j with multiplicity k j we associate a closed circular region G j in the complex plane which contains the points k j =n and 1. Then, for each l 6 = j, jl denotes the following a ne transform of G j :
Then we de ne
The main result is: The elementary symmetric functions of the variables 1 ; ; n?k are denoted by 0 1; 1 ( 1 ; ; n?k ); ; n?k ( 1 ; ; n?k ).
Lemma 2. Let the polynomial P and its derivative P 0 be de ned as above. Since (z ? a) k (j) jz=a = k! kj , where kj is the Kronecker delta, then
On the other hand, the identities Q (l) (z) = l! n?k?l (z ? 1 ; ; z ? n?k ) hold.
Hence P (k+l) (a) = (k + l)! n?k?l (a ? 1 ; ; a ? n?k ):
Similarly, denoting R(z) := Q n?k =1 (z ? ), we get
which yields
On using the identities R (l) (z) = l! n?k?l (z ? 1 ; ; z ? n?k ) we obtain P (k+l) (a) = n(k + l ? 1)! n?k?l (a ? 1 ; ; a ? n?k ): 
